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Vertices of high degree in
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Abstract

We study the basic preferential attachment process, which generates a sequence of
random trees, each obtained from the previous one by introducing a new vertex and
joining it to one existing vertex, chosen with probability proportional to its degree.
We investigate the number D, (¢) of vertices of each degree ¢ at each time ¢, focussing
particularly on the case where ¢ is a growing function of t. We show that D:(¢) is

concentrated around its mean, which is approximately 4t/¢3, for all £ < (t/logt)~'/3;
this is best possible up to a logarithmic factor.
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1 Introduction

In this paper, we study the basic preferential attachment process, which is defined
as follows. We start with a (small) tree on 7y > 1 vertices. At each integer time ¢t > 79, a
new vertex arrives, and is joined to one existing vertex; a vertex is chosen as the other
endpoint of the new edge with probability proportional to its current degree. Thus, at
each time ¢, we have a tree with ¢ vertices. The random tree obtained at any time ¢ is
called the preferential attachment tree.

The first appearance of this process can be traced back at least to Yule [25] in 1925,
and in probability theory the model is sometimes referred to as a Yule process. Sub-
sequently, Szymanski [22] studied the preferential attachment process in the guise of
plane-oriented recursive trees. He gave a formula for the expected number d;(¢) of
vertices of degree ¢ at time ¢, namely

4t
W+ 1)l +2)
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The structure of such trees was further analysed by Mahmood, Smythe and Szymanski [17],
and by Mahmood and Smythe [16]. Lu and Feng [12] proved a concentration result for
the random number D, (¢) of vertices of degree ¢, for fixed /.

Interest in the model surged after a paper of Barabasi and Albert [2] in 1999, who
proposed preferential attachment as a model of the growth of “web graphs”, i.e., graphs
possessing many of the same properties as “real-world networks” such as the worldwide
web. Barabasi and Albert studied not just the preferential attachment process as de-
fined above, but also the variant where each new vertex chooses some fixed number
m > 1 of neighbours. For m > 1, the preferential attachment graphs produced are of
course not trees, but for properties such as the degree sequence, the overall pattern of
behaviour is the same for any fixed m.

Preferential attachment graphs were studied formally by Bollobéas, Riordan, Spencer
and Tusnady [4], who proved that the degree sequence follows a power law with expo-
nent 3, i.e., the expected number d/"(¢) of vertices of degree / at time ¢ is of order t//3,
more precisely

2m(m + 1)
i (0) ~ t
L+m)l+m+1)(l+m+2)
for all ¢ < t'/15. They also showed that the random number D}*(¢) of vertices of degree
¢ at time ¢ is concentrated within O(y/tlogt) of its expectation dj"(¢). They further
indicated how the results could be extended to somewhat larger values of /.

Szymanski [23] gave a more precise estimate for d}(¢) = d;(¢). Combining this
with the concentration result of Bollobds, Riordan, Spencer and Tusnady [4] shows
that D;(¢) is concentrated within a factor (1 + o(1)) of its mean for ¢ up to nearly ¢'/°,
Szymanski [23] also gave a precise estimate for the expected number u,(¢) of vertices

of degree at least ¢, namely u,(¢)

- W(+1) + O(1). Janson [11], extending a result

of Mahmoud, Smythe and Szymanski [17], proved a central limit theorem for D,(¢) as
t — oo, jointly for all ¢ > 1.

A much more general model was introduced and studied by Cooper and Frieze [6],
and Cooper [5]: in the latter paper, Cooper proved a general result that implies (weak)
concentration for D, (/) whenever ¢ < t'/6/log? .

The maximum degree A; of the preferential attachment tree is known to behave as
t1/2 as t — co. Méri [19] proved a law of large numbers and a central limit theorem for
the A;: in particular, he showed that A;t~'/? converges almost surely to some positive
(non-constant) random variable, as t — oo. Further, he showed that the fluctuations of
At~1/2 around the limit, scaled by t~!/4, converge in distribution to a normal law.

Many variants of the preferential attachment process have been studied. The limit-
ing proportion of vertices of each fixed degree ¢ has been investigated in many differ-
ent models extending and generalising that of preferential attachment trees. See for
instance, Rudas, Toth and Valko [21], Athreya, Ghosh and Sethuraman [1], Deijfen, van
den Esker, van der Hofstad and Hooghiemstra [8], and Dereich and Morters [9]. See
also the survey of Bollobas and Riordan [3] for a number of other results on related
models.

Our principal aim in this paper is to prove concentration of measure results for D;(¢)
for all values of ¢ up to the expected maximum degree. For values of ¢ above ct!/3, the
expectation of D;(¢) is of order at most 1, and all we show is that D;(¢) is, with high
probability, at most about logt. For values of ¢ at most (¢/logt)'/3, we shall prove that
D, (¥) is concentrated within about /tlogt/¢3 of its mean.

We can write D;(¢) = Zzzl I(s,t,0), where I(s,t,¢) is the indicator of the event
that the vertex arriving at time s (or, for s < 79, the initial vertex labelled s) has degree
exactly / at time ¢. One would expect that, for large ¢ and £ in an appropriate range, most
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of the variables I(s,t, ¢) are approximately independent of each other, each with mean
bounded away from 1. This would suggest that the variance of D, () is of the same order
as its mean, and that D;(¢) should be concentrated within about /IE D;(¢) ~ /t/¢* of
its mean. This is indeed the case for constant /: see Janson [11] for asymptotic formulae
for the covariances Cov(D;(¢)/t, Di(j)/t). So our concentration result is likely to be best
possible up to logarithmic factors.

Our methods can also be used to prove similar results for the random variable U, (¥),
the number of vertices of degree at least ¢ at time ¢. The expectation of U (¢) is approx-
imately 2t//? for large t: at the end of this paper, we indicate briefly how to adapt our
proof to show that U, () is concentrated within about +/tlogt/¢? of its mean as long as
0 < 12/ 10g"/% .

Before stating our results, we specify our model precisely. We start at some time
7o > 1, with an initial graph G(ry) = (V(70), E(70)), with |V (70)| = 70, |E(70)] = 70 — L;
we think of G(7y) as a tree, although it need not be. At each step ¢ > 7y, a new vertex
vy is created, and is joined to existing vertices by one new edge, whose other endpoint
is chosen by preferential attachment, that is, a vertex v is chosen as an endpoint with
probability proportional to its degree at time ¢ — 1. Note that, if G(7p) is a tree, then the
graph at all later stages is also a tree.

Our main theorem concerns the number D;(¢) of vertices of degree exactly ¢ at time
t,forall/ > 1andt > 7.

Theorem 1.1. Let 7y > 4 and ¢y > 10°\/7y — 1log® 7y be constants. Let G(m) be
any graph with 1y vertices and 7y — 1 edges, and consider the preferential attach-
ment process with initial graph G(r,) at time 7y, and the associated Markov chain
D= (D) :t>1,¢€N).

With probability at least 1 — %, we have

4t
W+ 1)+ 2)

tlog(y1)

Dy(€) — ‘ < 1204/ ———= + 3019 log (1),

/3
forall/ > 1, and allt > 7.

The parameter ¢ is a constant which may be chosen arbitrarily large in order to
make the probability of failure arbitrarily small; the results are only of interest when
t is larger than some t¢y(¢)). All our results are stated in terms of such a parameter
(denoted v or w).

We state here an analogous result about the number U;(¢) of vertices of degree at
least ¢ at time ¢, for all £ > 2 and all ¢ > 7y. (Note that U,(1) is equal to ¢ for each ¢ > 79.)

Theorem 1.2. Let 79 > 4 and ¢ > max (10, 10°\/7 — Llog” 79) be constants. Let G(7)
be any graph with 1y vertices and 1o — 1 edges, and consider the preferential attachment
process with initial graph G(ry) at time 7y, and the associated Markov chain U = (U(¢) :
t> 19,4 € ]N)

With probability at least 1 — 7, we have

< 45V 1os(¥t)

< / + 4 x 10%) log” (41t),

-

0(L+1)
forall? > 2,and allt > 7.
We do not give a detailed proof of Theorem 1.2 in this paper, but we do give an

indication of how to adapt our proof of Theorem 1.1 to give this result. The term log7(wt)
appearing above could certainly be improved with more work.
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Theorem 1.2 seems to be the first explicit result concerning concentration of mea-
sure for U;(¢), although some weak concentration can be deduced from concentration
results for D;(¢). Moreover, Talagrand’s inequality [24] can be applied readily: to
demonstrate that U;(¢) > x, a certificate of length at most O(zf) suffices (see for in-
stance [18] for details of the method). This method gives concentration for U;(¢) up to
about ¢ = t'/3, and indeed concentration for D;(¢) up to about ¢ = t'/°.

For constant values of ¢, Bollobéas, Riordan, Spencer and Tusnady [4] showed that
Dy (¢) is concentrated within about ¢'/2 of its mean, which is best possible; a similar re-
sult for U (¢) follows. For larger values of ¢, in particular where ¢ is growing as a small
power of ¢, earlier methods (including the method based on Talagrand’s inequality that
we mentioned above) do not give the “optimal” concentration of D;(¢) or U;(¢) about
their respective means. Our results above do give what should be optimal concentra-
tion, up to logarithmic factors, for D;(¢) and U;(¢), whenever the expectations of these
random variables tend to infinity, again up to logarithmic factors.

In Section 2, we give an exposition of a method based on exponential supermartin-
gales, that is widely used in the analysis of continuous time Markov processes. We
transfer the method to the discrete time setting, and state two theorems that we shall
use, and that can be applied in other similar contexts.

In Section 3, we apply our method to describe the evolution of the degree of a
fixed vertex in the preferential attachment model. We do this partly to illustrate the
method, but mostly so that we can use the results in later sections. We prove a result
on the maximum degree A; that is weaker than Méri’s [19], but simple to prove, in the
interests of keeping the paper self-contained.

Sections 4 to 6 are devoted to the proof of Theorem 1.1. Section 4 contains the main
thread of the proof, and we defer some calculations to Sections 5 and 6. One difficulty
we face is that we cannot get sharp results by working directly with the natural mar-
tingale associated to the Markov chain D = (D;({) : t > 79,¢ € IN), so we work instead
with a suitable transform of that martingale. Proving concentration of measure for the
transform is not straightforward, so we introduce another Markov process derived from
D, and apply our methods from Section 2 to that process.

Section 7 contains a brief sketch of the proof of Theorem 1.2.

In this paper, we deal only with the preferential attachment tree. However, our
methods will extend to more general settings, and indeed we believe we can prove re-
sults similar to those above for the general Cooper-Frieze model. We intend to address
this elsewhere; in a very brief final section, we make a few remarks on the difficulties
involved in extending our proof to other preferential attachment models.

2 Our method: exponential supermartingales

The following technique is adapted from a fairly standard method used in the anal-
ysis of continuous-time random processes; see for instance [7], [13] and [15]. We have
not been able to find a suitable account in the literature of a discrete-time, and time-
dependent, version of the method for us to quote, so we develop the theory here. We
provide results that we hope may prove useful in other settings.

Let X = (X; : t € Z™) be a discrete-time Markov chain, possibly time non-homogeneous,
with countable state space E and transition matrix P, = (Py(z,2’) : z,2’ € E) at time
t. (Here and in what follows, our matrices — which will normally be infinite — have rows
and columns indexed by the countable set E.) Let (F;) be a filtration, and suppose that
(X}) is adapted.
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Let I denote the identity matrix. Further, let us write, for a matrix A,
(Af) (@)=Y Az, 2') f(2)).
' eF
Then we see that
(Pe =D fl(x) = Y [P, a) = I(z,a)|f(&') = Y Pz, ) (f(a) = f(x)).
z' el ' eF

Further, note that
(P = D) fl(z) = B[f (Xe11) — f(2) | X = 2], 2.1
that is, [(P; — I) f](x) is the expected change in f at the ¢-th step given that X; = «.

Lemma 2.1. Suppose Xy = zg a.s. Let f : E — R be a function such that E[|f(X})] |
Xy = xo) is finite for each t. Then

t—1

M = f(X0) - f(Xo) = Y _I(P — DfI(X)

o
= f(Xt) - f(XO) - ZZPS(Xsa‘T/)(f(x/) - f(Xs)>
is an (F;)-martingale.

Proof. The proof for the time homogeneous case can be found in Norris [20]. Checking
that Mtf is a martingale in the time non-homogeneous case is just as easy. Consider

E[M/,, | 7]

B | f(Xer1) = F(Xo) = SJU(P = DX | F
s=0
= E[f(Xi1) [ Xe] = f(Xo) = (P — 1) f](Xe)

“SIP - DX
s=0

t—1

= J(X) = f(Xo) = D_I(Ps = D) fI(Xs)

S

I
o

= M/,

where we used (2.1). Also, for each t > 0,

t—1
EM{| < E[f(X0)|+E|f(Xo)l + D E[l(Ps — D] (X,)|
s=0
t—1
< BIf(X)|+E|f(Xo)| + Y (BIf(X)| + E|f(Xer1)])
s=0
< Q.
O
Lemma 2.2. Suppose X = zg a.s. Let f : E — R be a function. Then
-1
f(X0) 5 (P = DAX,)
z] = exp| — —_—
b f(Xo) ( Sz::‘) f(X5) )
is an F;-supermartingale, as long as E th < oo forallt.
EJP 17 (2012), paper 14. ejp.ejpecp.org
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Proof. Consider

E[thJrl | Ft] = E[f(Xe) | Xt]L exp ( — Z W)

s=0 (Xs)
< e (-1 ) e (- )
(P — D f)(X)
xexp(; f(X,) )
- 7,

where we have used the fact that E[f(X;41) | X¢] = P.f, and the fact that z < exp(—1+z)
for all . O

Note that, for a continuous-time Markov chain, the analogue of th in Lemma 2.2
is in fact a martingale; see for example Lemma 3.2 in Chapter 4 of [10]. In the time-
continuous case, the matrix (P;—I) is replaced by the generator matrix A; of the Markov
chain, which is the derivative at time ¢ of its transition semigroup P;.

We shall show how, under certain conditions, Lemma 2.1 and Lemma 2.2 can be
used to prove a law of large numbers for a Markov chain.

Lemma 2.3. Let g : E — R be a function, and suppose that Xy, = zy a.s., for some
xg € E. For9 € R, let

09(z,0) = Z Py(z,2') (ee(g(ml)*g(z)) —1—0(g(z') — g(x»)

ek
Then
t—1
20(0) = exp (027 = #4(X..0))
s=0

is an F;-supermartingale, as long as It Z} () < oo for each t.

Proof. The result is a consequence of Lemma 2.2, with f(z) = ¢?(9(#)=9(%0)) That lemma
tells us that Z; is a supermartingale, and we need only verify that Z/ = Z7(0) for this
choice of f.
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The calculation goes as follows:

t—1

_ f(Xy) [(Ps — 1) f](X5)
z = e (- 2y )
= exp(0(g(X¢) — 9(Xo)))
Y, Po(X,, 2)[ef9()=9(X0)) _ fa(Xs)=9(X0))]
X eXp ( - z::O 0(9(X)—g(X0)) )
= exp (9(9(Xt) —9(Xo)) — z_: > P(X,, ) [0 ma(Xe)) 1])
s=0 x’

= exp (0(9(X0) — 9(X0) — 03 3 PulXud)(gla") — 9(X.))

s=0 =z’
t—1
- #xLL0)
s=0 .
= exp (QMf - Z gpg(XSﬂ)).
s=0

O

Note that, while X, remains in a ‘good’ set S; of states = where ¢?(9(=)—9() jg
bounded by some constant (possibly depending on t) over all 2’ such that P;(z,2’) > 0
and all z € S, (i.e., the size of changes in g stays uniformly bounded), then the finite-
ness assumption of Lemma 2.3 holds. Furthermore, we can approximate efl9(@)—g(X0))
using a Taylor expansion.

In many applications, in particular those in this paper, |g(z’) — g(z)| will be uniformly
bounded over the entire state space E and over all transition matrices P;: if we work up
to some fixed time 7, then it suffices to have the bound valid for t < 7. We assume from
now on that, for every 7 > 0, there is some real number J = J(7) such that g satisfies:

sup sup  g(z') —g(z)| < J < o0. (2.2)
s<T,x x': Py (x,x’)#0

Now we fix some real number a > 0, and restrict attention to values of ¢ such that
|0] < . We use the identity

1
ez—l—z=z'2/ e (1 —r)dr
r=0

to deduce that

©d(,0)
0

ZPS(.T, )0 (g(2") — g(m))Z/ erf(a(=)=9@) (1 — 1) dr

IN

2 2.2 (a2 — a(z))2e®! ! SV dr
¢ 3P0~ 5(0) /Ou \d
= 1 YD P! o) — 0o

Suppose that Xy = z( a.s., for some zy € F, and that we study the chain up to some
time 7 > 0. Our aim is to show that M} remains small over the period 0 < ¢t < 7. For a
precise statement, we need a few more definitions.
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We set

OY(X) = > P(Xea')(g(e') — g(X,))%,

s=0 z’

so that .
Z7(0) > exp <9Mtg — QHQeaJéf_l(X)) ,

for all 6 with |0| < a.
Now let R be a positive real number, and set

Tgr =inf{t > 0: ®Y(X) > R}.
Thus, for t < Tk, we have ®/ ,(X) < R, and therefore
Z7(0) > exp (t‘)Mtg - %9260“11%),
provided |0| < a.
Also, for 6 > 0, we define
T;’((S) =inf{t: M} > 6}, T, (5)=inf{t: M} < -4},

and
T,(0) = T;(d) A Tg’(é) = inf{t: |M]| > d}.

Lemma 2.4. FixT > 0and R > 0, and let g : E — R be a function satisfying (2.2) for
some J € R. Also, let o > 0 and § > 0 be any constants such that 6 < e“’aR. Then

P (Tg(a) < T A T) < 98"/ (2Re™),
and hence

P (( sup |Mtg| > (5) A (TR Z 7')) S 26—62/(2Re"“]).
0<t<r

In particular:

(i) for any w < R/J?, we obtain the following by choosing o = log2/J and § = VwR:

P (( sup |Mf| > \/OTR> A(Tg > T)>

0<t<r
< P(T,(VwR) <TrAT)
< 2ew/4

(ii) for any w > R/J?, we set a = + log (2wJ?/R) and 6 = w.J, and obtain

P (( sup [MY| > wJ) A (Tr > T)) <P (Tg(wJ) < Tr A T) < 2ew/4,

0<t<r
Proof. Fix any real 0 with |f| < a. For ease of notation, we write 7," for 7,/ (¢) and T,

for T, (0). By Lemma 2.3, (Z/(f)):>0 is a supermartingale.
On the event {T,” < Ty A 7}, we have Miﬂ > § and
h g

1
Z;; (6) > exp (95 - 292&’3) :

EJP 17 (2012), paper 14. ejp.ejpecp.org
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By optional stopping,
B[Z2, (0)] < B[Z(0)] = 1.
Hence, using the Markov inequality,

P(T <TpAT) < P <Z§+ (0) > exp (59 - ;026(*‘]1%))

IN

exp (—50 + ;9260“7}%) .

Optimising in 6, we find that § = 6/e“’ R is the best choice, and note that |§| < «. This
yields

P(T) <TrAT)<exp (752/26(1‘]]%) .
An almost identical calculation gives
P(T, <TrAT)<exp (752/266“]1%) ,

and the first part of the result follows.
The two special cases are obtained by choosing the given values of a and §, and
verifying that

62

§<e*aR and 9cT

w
2 —

4
in each case. O

We summarise what we have proved in a theorem.

Theorem 2.5. Let X = (Xy);cz+ be a discrete-time Markov chain, with countable
state space E and transition matrix P, at time ¢, and suppose that (X;) is adapted to a
filtration (F;). Let g : E — R be any function, T any natural number, and J any real
number; satisfying

sup sup lg(z") — g(a)| < J.
s<T,0€EE ' €E:Ps(x,2')>0

Set
oY(x) =3 3 P(X..a) (9(2') — 9(X.))".

s=0z'€ek

Let R > 0 be a real number, and set
Tgr =inf{t > 0: ®/(X) > R}.

Then
t—1

Mf = g(Xy) — g(Xo) = > > Pu(X.,2')(g(2)) — g(X,))

s=0z'ek

is an (F;)-martingale and, for any w > 0,

P (< sup |M?| > max (\/wR,wJ)> AN(Tr > 7')> < 27w/,

0<t<r a

EJP 17 (2012), paper 14. ejp.ejpecp.org
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We have demanded that the state space be countable, so that we can express our
results in terms of sums over the state space. It suffices to assume instead that, for
any state « € E, and any time s, there is a countable set E(z,s) C E such that
> wep Ps(r,2') = 1. Indeed, under this assumption, if Xy = z¢ a.s. for some state
xo, then there is a countable set £/ C E such that, a.s., X; € £/ forallt > 0.

We also remark that, in the statement above, we begin our consideration of the chain
at time 0. When applying Theorem 2.5 in the analysis of the preferential attachment
tree, we shall instead start at some fixed time 7¢: of course this makes no substantive
difference.

In some instances, for example in Section 3, we will want to bound the probability
that |[M7| < 46(¢) for all ¢ < 7, where 46(¢) is a suitable function growing with ¢. One
easy way to do this is to apply the above theorem for each value ¢t < 7, choosing an
appropriate value R(t) of R at each time. This approach has the drawback that it is
necessary to sum the probabilities of failure over ¢ < 7. Better bounds may be obtained
by applying the lemma only for a sparse sequence of values ¢, as we illustrate in the
proof of the following result.

The notation here is essentially as for Theorem 2.5. We again have a real-valued
function g defined on the state space E of a Markov chain X, and the change in g is
uniformly bounded by J over all possible transitions of the chain. The function ®J(X)
is as in Theorem 2.5. Now we have a non-decreasing function R : Z* — R™, and we set

Tr =inf{t > 0: ®Y(X) > R(t)}.

Also, for any non-decreasing function § : ZT — R™T, we define an associated stopping
time
T,(6) = inf{t > 0: |M]| > d(t)}.

With the notation as above, we have the following result.

Theorem 2.6. (a) Fixw > 4, and let §(t) = max(wJ,2/wR(t — 1)) fort > 1. Then, for
any 7 > 0 such that R(T — 1) > wJ?,
SR(r—1 w
P(T,(6) <Tr A7) < 2log (fm)> e /4,

(b) Fix ¢ > 4/J?, and suppose that R(t) tends to infinity as t — oo. Fort > 1, let
3(t) = 2 max (1/1J10g(¢J2), VOR({E—1)log R( — 1)). Then

P(T,(8) < Tg) < 5e~*/%.

Proof. For (a), we define a finite sequence of times 71, 79,... as follows. Let 7; be the
first ¢ for which R(t) > wJ?: by assumption 71 < 7. For j > 1, if 7; < 7 then we set

Tj+1 = inf{t > Tj R(t) > 4R(TJ)} NT.

The final term 7 in the sequence is the first 7; with 7; = 7, and the number NV of terms

We first apply Lemma 2.4(ii) with 7 = 7, and R = R(7; — 1), noting that w > R(m —
1)/J? by definition of 7;. We obtain that

in the sequence is then no greater than 2 + log, (RSJ}”) < log (%ﬁl)).

P(Ty(w]) < Tr A7) < P(Ty(w]) < Trirn—1) AT1) < 2e7</%
As §(t) > wJ for all t < 7y, this means that, with probability at least 1 — 2e~/4, M| <
0(¢) for all times t < Tr A 7y.
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For each of the times 7 = 7; (j > 2), we apply Lemma 2.4(i) with R = R(1; — 1),
noting now that w < R(r; — 1)/J? by choice of 7;. We obtain that

P (Tg ( UJR(Tj — 1)) S TR /\Tj) é 2€_w/4.

For each t with 7;,_; <t < 7;, we have

5() > 8(rj-1 +1) 2 2 /wR(r; 1) > \JwR(7; — 1),

since R(r; — 1) < 4R(7;_1) by definition of 7;. We conclude that, for each j > 2, with
probability at least 1 — 2e~%/4, |M7| < §(t) for all times ¢ with 7;,_; < t < Tg A 7;.

It now follows that, with probability at least 1 — 2Ne~“/4, we have |M/| < §(t) for all
times t < Tk A 7, and part (a) follows.

The proof of part (b) is very similar in style. This time we let 71 be the first ¢ for which
R(t) > 2¢J%log(¢J?). Given 7;, we let 7j,1 be the minimum ¢ such that R(t) > 4R(7;).
The assumption that R(¢) tends to infinity ensures that we obtain an infinite sequence
(15)j>1 of times.

We apply Lemma 2.4(ii) with w = 2t log()J?), 7 = 71, and R = R(m; — 1), noting that
w > R(r; —1)/J? by choice of 7;. We obtain that

P (T, (20 ] log(vJ?)) < Tp A7i) < 2e” /%

Since 6(t) > 2i.J log(¢J2) for all ¢, this implies that, with probability at least 1 — 2e~%/4,

|MP| < §(t) for all times t < Tx A 7,.

Now, for each 7 = 7; (j > 2), we apply Lemma 2.4(i) with R = R(Tj —1)and w =
Ylog R(7j—1) for each j. We need to check that w < R(r; — 1)/J?, i.e., that R(r; —
1)/log R(1j—1) > ¢J?: we have

R(r; —1) N R(j-1) S 2¢)J? log(1).J?) 2¢pJ? log(1).J?)

log R(7j—1) ~ log R(7j—1) ~ log(2¢J2 log(¢)J?)) 2log(yJ?)
as required; here we used the facts that (i) R(r; — 1) > R(7j_1) > 2¢J?log(yJ?), by
the definition of the 7;, and R(:) is increasing, (ii) ¢J 2 > 4 and z/log r is an increasing

function, with minimum value e, for z > e (so in particular 2log(1.J?) < ¥.J?).
We obtain:

P <Tg <\/¢R(Tj —1)log R(Tj1)> <TrA Tj> < 2e~VIos R(mi—1)/4,

:l/sza

We have, for 7;_; <t <73,

5(t) > 8(rj-1) > 2[R (r;-1)log R(7;1) > /¥ R(r; — 1) log R(r;_1)

and so, with probability at least 1 — 2e~¥'g R(mi-0)/4 |\ 19 < §(t) for all times ¢ with
Ti—1 < t < TR/\T]'.

Therefore, summing over j, and noting that R(7;_1) > 2¢J?log()J?)4772 > e/~! for
each j > 2,

P (|M§’| > §(t) for some ¢ < TR) < 27V 42y e/
j=2

= 2 ¥/ (1 + ) < 56711}/4,

1—e¥/4

as desired. O
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3 Evolution of the degree of a vertex

For the remainder of the paper, we will use the results of the previous section to
analyse various aspects of the preferential attachment process.

Our first, relatively simple, application is to the evolving degree of a single vertex;
loosely, we prove that, if a vertex has degree k at time s, its degree at a later time
t is unlikely to be far from k+/t/s. Results of a similar flavour are in the literature
already (see for instance Cooper [5], Athreya, Ghosh and Sethuraman [1] and Dereich
and Morters [9]); we give them here partly to illustrate our methods and partly because
we shall have need of the results from this section later on.

We assume as always that our process starts at some time 7y, with 7y vertices and
To — 1 edges. At each stage, one new vertex and one new incident edge are created, so
that at each time s > 7y there are s vertices and s — 1 edges. We identify the vertex set
at time 7y with the set [1g] = {1,...,70}, and label the new vertex arriving at each later
time s with s, so that the set of vertices present at time ¢ > 7y is exactly [¢].

For a vertex v, and t € IN with ¢ > max(7,v), let X;(v) be the degree of vertex v at
time ¢. For 7o <t < v, we set X;(v) = 0.

Set (X;) = (Xi(v) : v = 1,2,...); it is easily seen that (X;) is a Markov process.
Indeed, each component X;(v) is separately a Markov process. For v € IN, we take
fo(x) = z(v), the degree of vertex v in state xz; the function f, is the projection of the
state onto its v-th component. In what follows, we shall assume that v < 73, so that
vertex v is present in the graph at time 75, and we let mg = X, (v) be its degree at the
initial time.

We now want to calculate the corresponding martingale from Lemma 2.1. First we
note that

E[fo(Xe1) — fo(Xe) | Xy =2] = [(P—I)f](x)
__z(v)
o2t —1)

This is because the sum of all vertex degrees at time ¢ is 2(¢—1), and the probability that
a vertex w is chosen as the endpoint of the new edge from vertex ¢ at time ¢, conditional
on X; = x, is proportional to its degree x(w), and therefore the conditional probability
that vertex v is chosen is z(v)/2(t — 1).

By Lemma 2.1, we know that the process M (v) given by

t—1

My(v) = folXe) = fulXn) = 1P — D f)(X)
t—1
= Xi(v)—mo— Y 2?28512)
is a martingale. We re-write the above as
o t—1 X, (v)
tv)—Mt(v)—l—mo—i—Z 1) (3.1)

Let z; solve the recurrence relation

1
f— 1 —_—
Tt41 mt( +2(t—1)>’

for ¢t > 19, with z;, = mg. A simple induction argument shows that, for all ¢ > 7,

t—1 t—2
mo <z <my .
Tofl T072
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Provided 7y > 4, we have
\/t? \/tl 1 5 [t—1
< 14+ < -y —,
7'0—2_ 7'0—1 2(7‘0—2) — 4 7’0—1

5 t—1
xy < —mg

4 T()—l.

and so
(3.2)

Now fix any w > 4. For a vertex v, we define the time

t—1
T, = inf {t > 719 Xi(v) > 60w3my } .
T0 71

Then for 7y < t < T, we have X;(v) < 60w3mq,/ :0:11.

Let By = X;(v) —a¢, with E;) = 0; we want to bound |E;|. Substituting X;(v) = z;+ E;
in (3.1), and using the recurrence

xTU+Z 3_1
S=To0
we obtain that, for ¢ <,
_|Es|
Ey| < |Mi(v
|Ey| < [Mi( |+§ 2s—1)

S=T0

For 7o < s < T,, Xsy1(v) — Xs(v) is either 0 or 1, and the probability that it is equal
to 1, conditional on X, is

So, fort < T,, we have

of(X) = 3D PN (fla) — fu(X)

s=7109 x’
< Z 30wm —1
= N (=1 1)
S=T0
< 60w3m0

7'071.

We now apply Theorem 2.6(b) to the function f,, with R(s) = 60w3m,
and with ¢ = w. Thus we have

6(t) = 2max <wlogw, \/60w4m0 log (60w3mo/(t = 1)/(ro — 1)) ( t-1 )1/4>

’7'(]—].

J=1,

S
T0—1"’

IN

8w2\/7( )1/4\/10g (60w3m0 (t—1)/(r0 — 1))>

for 7o < t. The result implies that, with probability at least 1 — 5e~w/4, we have |M;(v)| <
0(¢) for all t with 7o <t < T,.
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We thus obtain that, with probability at least 1 — 5e~«/4, for 0 <t<T,:

t—1

ESY Q(LE_|1) + 8w? /g ( -1 )1/4 \/log (60w3m0 (t—1)/(r0— 1)).

To—l

S=To

Now log(xy) — y'/3log z is decreasing in y for y > 1 when = > 20, and is zero at y = 1:
we apply this with # = 60w3my and y = \/(t — 1)/(70 — 1), to obtain that

1/6
t—1
log (60w3m0 t—1)/(r0 — 1)) < < 1) log(60w®mo)
T0 —
r—1 1/6
< W? log(2
¢ () o
for any mg > 1, and so
t—1 1/3
|ES| 3 t—1
B < —_— log(2 .
|Ey| < Z 35— 1) + 8w?/myg log(2myg) pr—

S§=Tp
We analyse the recurrence above using the following simple lemma.

Lemma 3.1. Let A be a positive constant, and 1y a positive integer. Suppose the se-
quence e;, fort > 1, satisfies e;, = 0 and

= e t—1\?
< s A
et—z2(s—1)+ (7‘0—1) :
S=T0
[t—1 2/t-1\""
-1 3\m—-1 ’

Of course, the conclusion that we shall use is that e; < 6A4 Tfo;fl but the bound
above is easier to establish by induction.

forallt > 1y. Then

forallt > 1.

Proof. The proof is by induction on ¢, the result being true with something to spare for
t= T0.

Suppose the result is true for all s with 7y < s < t. Then, by the induction hypothesis
and the recursive bound, we have:

Gty er t—1\?
< _% 1A
@ = 22(3—1)+ (TO—1>

S=To
t—1 1/3 1/3
1 -1 2 -1 t—1
< 343 S (e + A .
s—1 7'071 3 7'071 Tofl
S=T0
1/3
Now the function g(s) = 511 { 750111 _ % <7i]_—11> } is decreasing for all s > 7y, so

g(s) < 1/37 for all s > 79, and we have

t—1

t
1
< J—
R
s—1 1/2 s—1 1/3t
2(70—1> —2(70—1)
To
t—1 1/2 t—1 1/3
T()*]. B Tofl '
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This gives
A t—1\? t—1\"?
< 6A —5HA
@ = (To—l) + <T0—1> (7’0—1)
1/2 1/3
t—1 t—1
< 64 —4A .
T0 — 1 T0 — 1
This is the desired inequality for e;. O

We can now deduce that, with probability at least 1 — 5¢~w/4, for 0 <t<T,,

t—1
|Ey| < 48w3\/myg 1og(2m0)\/:, (3.3)
0 —

t—

and this bound is at most 48w>my T
T0 —

Combined with (3.2), this implies that

t—1
X (v) < 50wPmy —
T0 —
wise this would contradict the definition of 7,,. This means that, with probability at
least 1 — 5e~“/%, the bound (3.3) is valid for all times ¢ > 0.
We thus have the following theorem.

for all times t < T,,. We deduce that T, = oo, since other-

Theorem 3.2. For allw > 4, 1o > 4, and mg > 1, we have

t—1
P (|Xt(v) — 24| < 48w/ myo log(2mq)4/ . forallt > 7g ‘XTO (v) = m0>
T0 —

>1— e—5w/4’

and therefore

P (Xt(v) < 50w3my
T0 —

. forallt > 19 | X, (v) = mo)

>1— 6750.1/4.
We note two consequences of the result above that we shall use later.

Corollary 3.3. Forty >4, w > 4 and my > 10°w7, we have

P (Xt(’l)) < 2my 1 forallt > Ty ‘ Xo(v) = mO) >1— e—Bw/4

T0 —

Proof. By (3.2), we have z; < 2mq, /Tto;}l for all t > 7, given the initial condition

T

o — Mo.

The result will then follow from Theorem 3.2 as long as

48w3 llog(QmO) < §
mo — 4

We see that
my 105w7 R 10° x 4 S 012,
log(2mo) ~ log(2 x 10°w? log(2 x 105 x 47)
which implies the desired inequality. O
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We shall also use the following result, stating that the maximum degree at time ¢ is
unlikely to be larger than ¢/t — 1, where 1 is a large constant.

Theorem 3.4. Let 7y > 4 and ¢ > 10°y/7p — 1 log3 70 be constants. For the preferential
attachment model, with any initial graph on 1y vertices and 1y — 1 edges,

P (X¢(v) > ¢/t — 1 for some vertex v and some t > 1)

¢1/3 1
< 279 exp <_3(To — 1)1/6) < E

Proof. Let P; be the probability that X;(v) > W/t — 1 for some t > 77 and some vertex
v already present at time 7j, and P, be the probability that X;(v) > ¥/t — 1 for some
t > 19 and some vertex v arriving at a time later than 7.

We begin by bounding P;. For a fixed vertex v present at time 7y, its degree at
that time is certainly at most 7o — 1. We apply Theorem 3.2 with my = 79 — 1, and
w = (v/50)"/3 (19 —1)~Y/6 > 4, so that

t—1

T < 50w/ — IVt — 1 =/t — 1.

50w3m0
T0 —

We obtain that

1/3
P (Xt(v) > v/t — 1 for some ¢t > To) < e ow/4 < exp (—3(701/}_1)1/6) .

We therefore have

w1/3
A <mew (5 )

We now bound P,. For each time s > 7y, consider the new vertex v of degree 1 born
at time s. We apply Theorem 3.2 to this vertex, with mg = 1, 79 replaced by s, and

w= (V5= 1/50)"", s0 50 moy 1=} < ¥V~ T, and we have

4 77[}1/3(5_ 1)1/6
P (X;(v) > ¢/t — 1 for some t > s) < e /4 < exp <_3> )

Summing over s, we have

> / _ /
Py < Zexp (—W) < 2exp (—w1/3/3> .
s=2

The overall probability that there is, at any time ¢, a vertex of degree at least ¥/t — 1,
is thus at most P; + P, < 2P, as claimed.
For the final inequality, we need to show that our bounds imply that

F@) =3 = 3(19 — 1)1/ log(2m01p) > 0.

We note that f/(v)) = i [¥1/3 —9(r9 — 1)'/6] > 0, so it is enough to verify that the
inequality holds at ¢ = 10°y/75 — 1log® 7y, at which point 2¢) < 732 for all 7y > 4. The
desired inequality is equivalent to 10°/%log(7y) > 3log(279%): this holds since 10°/% >
39. O
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4 Concentration for D;(/)

In this section, we again consider the basic preferential attachment model, but now
we are concerned with the number of vertices of degree exactly ¢ at time ¢.

Recall that, for t > 79 and ¢ € IN, D,(¢) denotes the number of vertices of degree
exactly ¢ at time ¢. It is easy to see that D = (D;(¢) : t > 79, ¢ € IN) is a Markov chain.

We recall our main theorem.

Theorem 1.1. Let 7y > 4 and ¢ > 10°\/7y — Llog® 7y be constants. Let G(ry) be
any graph with 1y vertices and 7y — 1 edges, and consider the preferential attach-
ment process with initial graph G(r,) at time 7y, and the associated Markov chain
D = (D¢):t> 7,0 eN).

With probability at least 1 — %, we have

4t
L+ 1)(L+2)
forall/ > 1, and allt > 7.

tlog(yt)

Dt(g) - 03

‘ <120 + 30142 log(at),

As is well-known (and as we shall show shortly), the expectation of D,(¢) is very
close to 4t/¢({+1)(¢+2), forall £ > 1 and all ¢t > g, so the theorem shows concentration
of measure of these random variables about their means.

t1 t
For ¢ < (t/log(it))'/? /1%, the bound on the deviation of D;(¢) is at most 125 %,
which is, up to the log factor, on the order of \/IE D,;(¢). We get concentration within a

factor (1 + o(1)) of the mean as long as £ = o(t/logt)'/3.

For all values of / larger than (t/logt)'/3, the bound on the deviation that we obtain
is of order logt. This result might conceivably be of interest for values of ¢ between
about (t/logt)'/ and t!/2, but for larger values of / we already have a stronger result:
Theorem 3.4 tells us that D;(¢) = 0 when / is larger than 1/, with probability at least
1—1/4.

The proof of Theorem 1.1 takes up the rest of this section, although we defer the
bulk of the calculations until later sections.

Proof. It will shortly turn out to be convenient to truncate the range of ¢, so that we
consider only values of ¢ with 1 < ¢ </, for some fixed ¢;. We remark now that we may
freely do this, as we are proving an explicit bound on the probability of failure that is
independent of /.

For the moment though, we consider all values ¢ € IN simultaneously, and consider
the evolution of the entire process D = (D,(¢)) for t > 9.

We have, fort > 79 + 1,

D; (1
E[Di(1) = Di-1(1) | Deoa] =1~ 2@1(1))
Also, for ¢ > 2,
{—1)D;_1(£—1 IDy_1(¢
Then, by Lemma 2.1,
t—1
D,(1
D(1) = D)+ (1- Zi )) + M (1)
t—1
(Z — 1)Db(€ — 1) EDé(é)
= — >
Dy(0) D70<e>+s_2m( = 22+ M0, (0> 2),
EJP 17 (2012), paper 14. ejp.ejpecp.org
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where M;(¢) is a martingale for each ¢ > 1.
We want to show that, for £ > 1, D;(¢) is close to d;(¢), where the d;:({) satisfy
dr,(£) = D, (¢) for all ¢, and:

di(1) = dr(1)+ § (1_ dTS))

t—1

a(t) = a0+ Y (LEREEZD OY sy

2s 2s

S=T0

Given the initial values d,,(¢) = D,,(¢), for ¢ > 1, the equations above are equivalent to:

d(1) = 1+dFﬂD(Lfﬂf}5)

¢ (-1
(t—1)>+2(t—1)

d(0) = dt_l(é)(1—2 d1(0—1), (£>2).

These equations are known to admit the explicit solution

4t

d:(t) = W+ 1) +2)

if the initial conditions correspond (which of course cannot happen for a concrete graph
at time 7y, since then all the D, (¢) are natural numbers). More generally, we have the
following result, which is very similar to results of Szymanski [22, 23] and Bollobas,
Riordan, Spencer and Tusnady [4].

Lemma 4.1. Take any 79 > 1, and any sequence (D, ({))¢>1 of non-negative integers
with 3, D7, (¢) = 7. Then the solution d;({) of the equations above with d,({) =
D, (¢) for all ¢ satisfies

3/2

4t
< 70,

() - ((+1)(0+2) = t2/2 -

forall/ > 1 andallt > 7.

Proof. Set
4t

O =d(l) — ———,
20 =4 -
forallt > g and ¢ > 1.

Note first that D,,(¢) < 79, for all ¢, and so also |z,,(¢)| < 79. Thus the lemma holds
fort = 7.

For each t > 7y, it is straightforward to verify that

) =220 (1= 3705 )

and, for ¢ > 1,
!

z(6) = z-1(6) (1 - 2(7,‘—1)) +zi-1(€ - 1)2({5__11)

, we deduce that

If Z is a common upper bound on |z;—1(¢)| and |z:—1 (£ — 1)

2012 (1= 55+ 5n) =7 (3
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By induction, it now follows that

t—1 1 P +3/2
_To
2e(€)] < 70 H (1—%)§7'0 T T a2
U=TQ
for all t > 79 and every ¢ > 1, as claimed. O

Define E;(¢) = D.(¢) — d:(¢), where, as above, we set d,({) = D,,(¢) for all £ > 1.
Note that D, (¢) is an integer-valued random variable, determined by the graph at the
initial time 7y. Note also that E,,(¢) = 0 for all £ > 1. For the moment, we shall keep the
term E., in our expressions, to show how the calculation would be affected in a setting
where E,, is not necessarily zero.

Fort > 19 + 1, we have

t—1

E(l) = En(1)-)

S=T0

Es(1)
2s

+ My(1)

B0 = Byn+ Yy (LA O

S=To

)+Mt(f>, (€>2).

This means that, for ¢t > 79 + 1,

() = Ea()(1= g ) + M) = M)
and, for ¢ > 2,
B = Ba(1- 55) G 12)(?_11()5 — D 4 M) - My (0).

At this point, we truncate the process D: we fix some /, > 1, and set D% = (D% (¢) :
teZt,{=1,...,0) - in other words, we restrict attention to the numbers of vertices
with degrees at most ¢,. The truncated process D remains Markov, since the distri-
bution of D;(¢) conditioned on D;_; depends only on D;_;(¢) and D;_1(¢ — 1), for each
< Y.

Once we have fixed ¢y, we may restate the previous system of equations as a matrix
equation, giving a recurrence for

E(1)
Et == :
Ey(&)
We have, fort > 79 + 1,

Ey = Ay 1By + AM,

where
AM(1)
AM,; = : ,
AM;(Ly)
with AM;(¢) = M(¢) — M;_1(¢) for each ¢, and, for s > 79, the matrix A is given by
1— 4 0 . 0
% 1— % o 0
: 0
0 0 Z“zll - %
EJP 17 (2012), paper 14. ejp.ejpecp.org
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Hence it follows that, for ¢t > 7 + 1,

oo (i) 3 () o

5=To s=T1po+1 \u=s

Here and subsequently, the notation HZ;ITO A; indicates the matrix product A;_; --- A,
with the indices taken in decreasing order. At this point, we recall that £, = 0, so that

pe 3 (o) o

s=1p+1 \u=s

We shall control the deviations of E;, although this process is not itself a martingale,
and so we cannot directly apply our martingale deviation inequalities. The process (E;)
is a transform of the martingale (1;), in that it is a sum of its differences, multiplied by
the appropriate Hf:s A, which depend on t. In order to get around this difficulty, we
now introduce, for each 7 > 7, a martingale MT stopped at 7, whose value at 7 is the
quantity F, of interest.

We fix 7 > 7y and define, fort < 7,

t T—1
]/\\4/1;" = Z (H Au) AM,

s=1p+1 \u=s

and @T = MTT for t > 7, then it is easily checked that M = (J\AJ/{) is a martingale, and
that M7 = E,. Thus we can obtain bounds on E; by studying the martingale M.

From Lemma 4.1, we have that, for every 7 > 7 and every £ =1, ..., ¢,

— 4 —~
Dr(€) = dn(0) + M7 (£) < 55 + 70+ MI(0).

We now consider the transitions of the truncated process D%, with state space
(Z*)%. Recall that each transition involves the creation of one new vertex of degree 1,
and the increase of a degree of an existing vertex by 1. This means that a transition of
the truncated process involves an increase of 1 in Do (1), and either: (i) a decrease of 1
in D% (k) and an increase of 1 in D’ (k + 1), for some k € {1,...,¢, — 1}, (ii) a decrease
of 1 in D% ({y), or (iii) no further change. In other words, the vector Dﬁfjrl is obtained
from D% by adding one of the following vectors:

(1) yp = e1 — e + ex+1, for some k € {1,...,¢y — 1},

(1) ye, = €1 — eq,,

(iil) yo = 1.

Here e; denotes the standard basis vector in Z‘ with a 1 in the jth coordinate and Os
elsewhere: here and in what follows, we abuse notation by suppressing the dependence
on ¢y. The transition probabilities are then given by

kD, (k)
P,(Dg, D, = =1,...
5( ER) 5+yk) 25 — 2 (k ) 760)
Lo
kD, (k
PS(DS7DS+yO) = 1_2 287(2)
k=1

Here too we have removed the superscripts ¢, for clarity.

EJP 17 (2012), paper 14. ejp.ejpecp.org
Page 20/43


http://dx.doi.org/10.1214/EJP.v17-1803
http://ejp.ejpecp.org/

Vertices of high degree in the preferential attachment tree

We can write, for s > 7,

Lo
AM8+1 = Ds+1_Ds_ZPS(DS;Ds+yk)yk
k=0
Lo
= Zyk[]le_H—DS:yk — Ps(Ds, Ds + yi)]-
k=0

We consider running the process up to some fixed 7 > 7y: all our notation should
specify the dependence on 7, but again where possible we shall suppress this.
For 7y < s < 7, we define B, = B] = HTil A, so that

u=s+1
s—1
= Z ByAMyi1.
W=T(
We then have, for 1o < s < 7,
AMJ, = M, — M] = BAAMy = Bo Y _yil[lp,,,-D.=y, — Ps(Ds, Ds + yi)]-
k=0

Now we define D = D% by

t—1
- Y B Zykp Dy, Dy + yi)

S=To

=1
+Z Zyk Ip, ,-p.=y — Ps(Ds, Ds +yr)l, (< 7),

S=T0

t—1 £

ZZP Dy, Dy + y1,) [Bsyi] + M .
s=70 k=0

so that, for¢t < 7,

-1
D, = ZB Zyk]qu+1 —Dy=yx

S=T0

- Z B 5+1 )

S=T0o

and so _
Dy — Dt Bi(Dy11 — Dy).

The process D is not in general a Markov process. However, we may define a process
Y = Y7 by setting Y; = (Dt,ﬁt) fort < 7, and Y; = Y, for t > 7. This extended
process Y is Markovian, with state space E = (Z*)% x (R*)%. At each time t with
70 <t < 7, the one-step tNransitio~n matrix E for Y is derived from that of D. Specifically,
if Dy11 — Dy = yg, then Dy 1 — Dy = Byyg, and Yy — Ys = (yr, Beyw).

Our plan is to apply Theorem 2.5 to the Markov process Y, and, for ¢/ = 1,...,/{,
to the projection function g = ¢° taking (z,7) € E to #(¢). For each k = 0,...,/y, if
Diy1 — Dy = yg, then g(Yiq1) — 9(Yz) = [Bryx](£), the ¢-th entry of the vector B;y. Since
B, is a product of non-negative sub-stochastic matrices, it too is non-negative and sub-
stochastic. The vector y; has all its entries in {0,+1, —1}, with at most two positive and
one negative entries, so each co-ordinate of the vector B;y; is a sum of at most two
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entries of B;, minus at most one other entry. Therefore |[B;y,|(¢)| < 1 for all ¢, k and /.
So, in applying Theorem 2.5, we may take J = 1.

For/=1,...,4y, and 7o <t < 7, we therefore have
¢ ¢ 2
o7 (V) = Z ZPS(DMZJ) (gZ(m/) - ge(Ds))
s=T19 z’
t L
= 3> PuDs, D+ yi) ([Baunl (0)°
s=To k=0

For brevity, we set ®/(Y) = <I>tg£ (Y) from now on.

Foreach/{=1,...,¢y, we set
R = 160072 + (104)41
= 1600 7= + (10:)" log(é7),
and, for / =1,...,4, we set

Th = inf{t > 1 : ®L(Y) > R'}.

We now apply Theorem 2.5, with J = 1, R = R’, and w = 9log(¢'7), noting that w.J? < RY;
we obtain that, foreach 7> pand £ =1,..., 4,

P (( sup |M;(6)] >3 1og(¢T)Rf> A(TH > 7)> 2

< —.
To<t<T ’(/JQTQ

Let Ta = inf{s > 79 : Dy(k) > 0 for some k > /s — 1}, the first time s such that
there is a vertex of degree greater than /s — 1: by Theorem 3.4, P(Ta < o0) < 1/%.
Also, foreach k =1,...,4, let

Tj, = inf {s > 19 Ds(k) > 5% + 4009 log(ws)} .

Note that, for 7y < s < min ((k/¢)? +1,Ta), Ds(k) = 0, and so T}, > min ((k/¢)?,Ta) for
each k =1,...,/y. Finally, let T be the minimum of ﬁ, e ,fgu.

In the next section, we shall prove the following result.
Lemma 4.2. Forallt <T ANTa, andall{ =1,...,£, ®/_,(Y) < R’

This result can be restated as saying that Tf% > T A fA foreach ¢/ =1,..., 4.

Now, for each 7 > 7g and each / =1, ..., 4y, set

7 log(y7)

85-(0) =120 s

+ 300%)° log(1)7),

which is slightly less than the bound on the deviation appearing in the statement of the
theorem. Observe that, for > pand ¢ =1,...,4,

7 log(¢T)
IE

5:(¢) > 3\/log(¥7)RY,
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and so, using Lemma 4.2,

3 (( sup | (6)] > fw)) AT ATs > T))

To<t<T
< JP(( sup AZT<6>|>6T<£>)A<T§27>)
To<t<T
2
< w22

Recall that ]T/fTT = FE, for each 7 > 73, so we now deduce that

2

< o (4.1)

P ((|ET(£)| >0 () AT ATA > 7))

forallT > mand {=1,...,4.

We now wish to bound the total probability that there is some pair (7, ¢), with 7 > 7
and £ = 1,..., 0, such that |E,({)| > 6,(¢) and 7 < T A Ta: recall that we want a bound
independent of /.

For those pairs (7, ¢) with ¢ < ¢y/7 — 1, we sum the bounds from (4.1), and obtain
that

P (1B-(0)] > 6,() A (T A Ta > 7)

forsome 7 > 79,1 </ < min(éo,z/;m))
2 o~ VT -1
= —

/ 32 qr
3

<

Sle el

<

For those pairs (7, £) with ¢ > ¢/7 — 1, we have either Ta < 7 or D-(¢) =0, and in
the latter case we have

|E-(0)] =d,(£) < ar + 70 <

1
<7 + 10%? < 6,(0).

41
V2 3
Therefore, with probability at leait 1-3 /¥, we have, forall / =1,...,¢, and all 7 > 7,
that either |E.(¢)| < 6-(£) or 7> T AN Tx.

We now set T} = inf{s > 7y : |Es({)] > 0,(¢)} for each ¢ = 1,...,{y, and T* =
min(T},¢ =1,...,4y); we obtain that

P(T* < oo and T* < T ATa) < 3/1. (4.2)

On the other hand, if j:'g < T for some ¢ = 1,..., 4, there is an s > 7y with D(¢) >
5s/0% + 4001)? log(1s) and

4s

Dy(l) < 7z +m0+0,(0)
4s slog(ys
= o120 % + 300¢? log(¢s)
4s S
< mruts ([3 + 3600 10g(1/1$)> + 30042 log (1)
S
< By + 35007 log(vs),
EJP 17 (2012), paper 14. eJp-€lpecp-org
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which is a contradiction.

We conclude that T} < fg forall £ = 1,...,¢y. Recalling that T is the minimum of
ﬁ, - ,fgo and 7™ is the minimum of 77, ..., T}, this implies that 7" < T. Equation (4.2)
now implies that P(T* < oo and T* < JA“A) < 3/4. However, we also have that IP(fA <
00) <1/, so P(T* < o0) < 4/.

This conclusion is equivalent to the statement that

4
P(|Es(€)| < 0s(¢) forall{ > 1and s > 79) > 1 — e

This implies the result stated, since

4s

PO we e

<|Bs(O] + 710 < |Es(6)] + 92,

5 Bounds for ®¢ (V)

Our aim in this section is to prove Lemma 4.2, which states that

T—1 eo

O (Y) =D > PuDs, Dy +yr) ([Bsynl(0))?

s=7109 k=0
is at most
T—1

R =1600—— + (10¢)* log(y7),

whenever rp < 7 < ZA“/\JA“A and 1 </ < /.
Recall that, for s <7 <T ATa, and 1 < k < /{3, we have

Da(k) < {0 k>Yyvs—1 5.1)

5% + 4002 log(vs) k< yy/s—1°

For this section, we may and shall assume that we do indeed have these bounds on the
values of D, (k).

Recall also that, for s = 19,...,7—1, B is the matrix product A,_; - -+ As11, and that
€1 k=0
Yk = €1 —eptepr1 1<k <Al
€1 — €y, k= fo.

We may now write, for 1 </ < /{5, and 19 < s < T,

[BSQO](E) = [Bsel]@)

= B; (67 1)
[Bsyel(€) = [Bse](€) — [Bse](£) + [Bser41](£)

= By(6,1)— By(6,k) + By(Lk+1) (1<k<t)
[Bsyeol(0) = [Bse](€) — [Bseg,](€)

= Bs(&l) _Bs(gaKO)'
where [B;](4,j) denotes the (i, j)-entry of the matrix B;. We then have
[Bswol(£)* = Bs(£,1)
[Bsye](0)* < 2Bs(£,1)* + 2(Bs(0,k) — Bo(6,k+1))> (1 <k <)
[Bsyeo)(0)* < 2B4(€,1)* + 2B4(€, 4o)*.
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Provided we interpret B, (¢, £o+ 1) as equal to zero, we can now bound the sum over
k, for any s and any ¢ < {j, as

Lo

Ps(Dm Ds + yk)([Bsyk](é))Q
k=

0
< Py(Ds, Ds +y0)Bs(£,1)?

Lo
+2 Z Py(Dy, Dy +yi) [Bs(£,1)% + (Bs (0, k) — Bs(£, k +1))?]
k=1
Lo
< 2B,(£,1)*+2)  Pu(Ds, Do+ y)(Bs(L, k) — Bo(€,k + 1)),
k=1

For 1 < / < /{y, all terms in the sum with &£ > / are zero, since the matrix B, is
lower-triangular, and therefore we have

T—1 T—1 ¢
L (Y)<2> Bi(6,1)*+2) Y Pu(Ds, Do+ y)(Bs(£, k) — Bo(4,k + 1)),
s=Tg s=T10 k=1

The key task is thus to estimate the entries B, (¢, k) of the matrix product B; = A, _1 -+ As11,
and in particular the differences |B; (¢, k) —Bs(¢, k+1)|. The recurrence satisfied by these
matrix entries is that, for 0 < j < £:

Bsfl(ag_j) = [BSAS](’€7£ _j)
= Bs(gae_])Aé(g_Jag_j) +Bé(€7'€_.] + I)Ab(e_]_F laé_.j)a

since the only non-zero entries of A in column (¢ — j) are those in rows (¢ — j) and
(¢ — 7 4+ 1). Substituting for the values of these entries yields

) . -3 ) L—3j
Bs_ —J)=10B — 1—- — B — 1)——-.
ettt ) =Bttt =) (1= 5 ) Bt -1

For notational convenience, we fix ¢ > 1 and write
(s) = a'(s) = By(¢,0 — j
aj(s) =a;’(s) = Bs({, £ — j),

fors=19,...,7/—1land j=-1,0,...,¢—1.
Rewriting in terms of the a;(s) gives:

7—1 T—1 ¢
L (Y)<2) ara(s)?+2 ) Y Pu(Ds, Do+ yr)(ae-i(s) — arr-1(s))*.  (5.2)
s=To s=T19 k=1
" I - kD (k)
The transition probabilities Ps(Ds, Ds + yx) can be expressed explicitly as for

2(s—1)

each s and k.
The recurrence satisfied by the a;(s) is then:

0—j 0—j
o aj—1(s) + (1 - 23> a;(s),

for0<j</¢—1,and 79 < s < 7—1. We also have B,_; = I, the identity matrix, so that
ap(t —1) =1, and a,;(7 — 1) = 0 for j > 0. Note also that a_;(s) = 0 for all s, since the
matrix B; is lower-triangular. These boundary conditions, together with the recurrence
relation, suffice to determine all the values a;(s).

a;j(s—1) =
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There is a natural interpretation of the term a;(s): it is the probability that a fixed
vertex v with degree ¢ — j at time s will have degree ¢ at time 7 — 1. This can most easily
be seen by checking that this system of probabilities satisfies the boundary conditions
and the recurrence relation. In the notation of Section 3,

aj(s) = P(erl(v) =1 ‘ XS(U) = K_j)

One immediate consequence is that 0 < a;(s) <1 for all j and s.
It may be of interest to note that there is a formula for the a;(s) as an alternating

sum:
=1\ — [ J e T i
a;(s) = ( _ ) ( ) (—1)i=t+ (1 — > .
’ J i—zé:j t—i u:l:lﬂ 2u
One may verify that this formula satisfies the recurrence. It can also be obtained by

observing that the matrices A, can be simultaneously diagonalised, leading to a formula
for the matrix B,. We also obtain

ar—k(s) — ap—p-1(s) = (g ; 1) ﬁ él(f B Z) (—1)* uilil (1 - ;u) :

Although these formulae are quite appealing, we have been unable to extract useful
bounds from them.

At this point, we break into three cases. The main case of interest is when 8 < / <
2y/T — 1, but we also need to deal with values of ¢ outside this range, and we do this
first.

For ¢ < 7, all we have to do is note that, from (5.2),

T—1

dL (V) <4(r—1) <1600 e

Now suppose that ¢ > 2¢y/7 — 1. By assumption, whenever k£ > 1v/s — 1, we have
Dy(k) = 0and so Ps;(Ds, D + y) = 0, and such terms contribute nothing to the double
sum. We now need to bound the contribution of terms where & < ¥v/s—1 and ¢ >
2¢)y/7 — 1. To do this, we use the inequality (a1 (s)—ar_x_1(5))? < ar_1(8)*+ar_r_1(s)?,
and bound the size of any term a,_j(s) subject to the given conditions. For this, we
observe that

< P(X,_1(v) > 4| Xs(v) = k)
< P (Xroa(v) =29V — 1| X,(v) = [9Vs —1]).
We now apply Corollary 3.3, with 7y replaced by s, mg replaced by [¢v/s — 1], and w

replaced by (s — 1)'/14. We have |/s — 1| > 10°(s — 1)7/14, since 1) > 2 x 10°. We also
have (s — 1)1/1* > 4 provided s > 2%%. So, for s > 228, we have

ar—k(s)

Thus, for each s > 228,

/5= ]
Z Ps(Dsa Ds + yk)affk(s)z < 67§(571)
k=1

For s < 228, we have
[¥Vs—1]

Z Ps(stDs+yk)aZ—k(5)2 <L
k=1
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Therefore
r—1 [yv/s—1]
(V) < 2) lara(s)?+2 Y PuDe Do+ yr)ari(s)
S$=To k=1
5=22841
< 2x10°,

which, since ¢y > 2 x 10%, is at most 2. This comfortably gives the required result in
the case where ¢ > 2y/7 — 1.

For the remainder of this section, we assume that 8 < ¢ < 2¢v/7 — 1.

Although our exact expression for the a;(s) proved difficult to work with, we now
give a function f;(s) which has a simple form, and which satisfies the boundary condi-
tions and an approximate version of the recurrence; our plan is to show that a;(s) is
close to f;(s) for all values of j and s.

For0<j</—land0<s<7-1,set

o= (5) () V5

Throughout what follows, we shall set v = v; = /s/(7 — 1), so
-1 -
B = (1) =i,
We note that v,_; = 1, and so f;(t —1) = 0 for j # 0, while fo(r —1) = 1. We
could formally define the function f_; to be identically 0: the key identity we use for
-1 -1 j
the binomial coefficients is < ) = ( _ )‘7 which indeed entails (f__l) = 0.

j-1 j )= !
However, we find ourselves having to deal with the case 7 = 0 as a boundary case
separately anyway, and so we need make no (further) explicit mention of the case j =
—1.
We claim that
L

Be=10= 5256+ (1= L) 56+ [ - 1= £+ 1)

forallj > 1and 1 < s < 7 —1. Our aim will then be to show that the term in square
brackets is usually small, and that this is thus a good approximation to the recurrence
satisfied by the a;(s). Rearranging the claimed identity, we see that it is equivalent to

ﬂ®>=£iiﬁﬂﬁ—fFﬂ@) (5.3)

To verify this identity, we write

fe = () reg -0,

f—1\ v J1 =1 . .
= () g - - o) - o) 6.0

= S (oo -5 (1))
= S (5o (L Jamre)

l—j
= Ts(fj(s) — [i-1(s)).
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Equation (5.3) demonstrates that the f;(s) are the analogues to the q;(s) for a con-
tinuous time version of the preferential attachment process. In this continuous time
version, at time s, each vertex of degree k attracts a new edge (whose other endpoint
is a new vertex of degree 1) at rate k/2s, independent of the degrees of other vertices.
The degree of a given vertex is then a pure birth process with this transition rate. The
probability that a vertex with degree ¢ — j at time s has degree /¢ at time 7 — 1 satisfies
the differential equation (5.3), as well as the boundary condition f; (r—1)= 50-

It seems intuitively plausible that the difference e;(s) = f;(s) — a;(s) between the
continuous and the discrete “solutions” will always be small. Indeed we shall prove the
following lemma, which is very crude in most ranges.

Lemma 5.1. Forall{ > 8 and0 < j </{—1, we have:

2O (r 1)/ <s<T-lorj<(-2

lej(s)] < § 802 (7 1)/68 < 5 < (7 — 1) /02
1 0 <s<(1—1)/.

We shall defer the proof of Lemma 5.1 to the next section.
We set

T—1 T—1 ¢
V() =4 fer (9?44 3 PuDe Dy 9 (fri(s) = frir ().

S=T0 s=710 k=1

We now show that the bound in Lemma 5.1 suffices to show that ®¢ ,(Y’) is not much
larger than ¥¢ | (Y).

T—1

Lemma 5.2. For any{ and 7, with 8 < ¢ < 2y/1 — 1,

-1
DL (V)< WL (V) +5x 1082 + 20763 .
Proof. Equation (5.2) tells us that ®¢_,(Y) is at most
T—1 T—1 ¢
2 Z ag_l(s)g +2 Z ZPS(DS,DS + yi)(ar—k(s) — ag_k_1(8))2.
S=T0 s=T1g9 k=1

Using the inequalities a;(s)? < 2f;(s)? + 2¢;(s)? and

(aj(s) — aj—1(s))* < 2(f;(s) — fi=1(s))* + 4e;(s) + de;j_1(s)?,

we deduce that

oY) < v 1(Y>+4Ti:ee—1<s)
T—1 ¢
+83 > Pu(Da, Do+ yi) (er-r(s)* + er—i1(s)?) .

s=T70 k=1

Now we apply the bounds from Lemma 5.1:

T—1 2 2
22004 T —1 (800¢3/2 r—1
2
Zeul(S) < (T—1)<Tl> + 3 < ) +3

= T—1
5x 10902 10%¢ 11
T—1 + T—1 + 12
6 x 1062 T1-—1
T—1 + B
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and similarly

14

S 3" PuDa, D ) (o k(5 + 0k 1(5)?)

s=T19 k=1
2 (-1 22004 2<+ 7 —1 /800¢3/2 2_+ r—1
T T—1 02 T—1 03

< 9 6X106f2+7—1
- T—1 6]

IA

Therefore
6x108¢2 -1
R N R )
120 x 106¢2 T—1
< é
< v _(Y)+ p— + 20 7
T—1
< U (V)45 x 10%)2 7
as claimed. O

For k = 1,...,¢, we have that P,(D;, Ds; + yx) = kDs(k)/2(s — 1), since each of the
D, (k) vertices of degree k has probability k/2(s — 1) of receiving an extra edge at time
s + 1. Therefore

V() =4 foals) +222’€D (5) = fo1(s))2.

s=70 s=70 k=1
The double sum is the main term here, and we mainly concentrate on this; we will
obtain adequate bounds on " fr—1(s)? as a byproduct of our estimates.

Recall our assumptions (5.1) that D4(k) = 0 for all k& > ¢+/s — 1, and that D,(k) <
5% + 4001 log(t)s) for all k = 1,..., ¢y with k < ¥v/s — 1. Using these bounds, we find
that, forall k =1,...,4, and all s > 4,

kDy(k) _ 7

1 _k2+5aw2bg¢@<

Thus we have

T—1
V() <4 fials)

S=To

+14 Z Z (fo—i(s) = fe—r—1(s))?

s=To k=1

+ 110092 log (¥ 1) Z Z (foi(s) = frmk-1(5))>.

s=70 k=1
We define
T—1 ¢ 1
Qi(r.0) = > > 72 (feen(s) = fe—r-1(s))?
s=70 k=1
Lk
Qa(r,0) = Z > (Feor(s) = feok-a(9))’
s=T10 k=1
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so that »
VL (V) <4 fooa(s)? + 14Qu (1, 0) + 11004 log (1) Qo (T, £). (5.5)

S=To

To estimate ()1, we exchange the order of summation and substitute j = ¢ — k:

{—1 7—1
Q) =3 = 3 () = ()
=0

S=T0o
From (5.3) and (5.4), we have

56 = g = () - o -0 - .

where v = v; = 4/s/(7 — 1), as before. We estimate the sum over s by approximating it

by the integral
T—1 2
- 1 . ,
/_ (ﬂ ; 1) W(l — )22 (1 — v) — §)? ds.

The integrand here is bounded above by 1, since each f;(s) is at most 1. The function
(1 —v)?~%*=7 (¢(1 —v) — j) has derivative which is a positive multiple of a quadratic
function of v, so the function has just two stationary points, one either side of the zero
v = (£ — j)/¢. Therefore the integrand, which is a positive multiple of the square of this
function, has two local maxima. The sum is then at most the value of the integral plus
the values of the integrand at the two local maxima, and so

-1
1
<2
Q0222 gy
s SN2 e
+ TRV . 1— 0)297226-21 (p(1 — o) — N2 ds
jz_:o(f—ﬁ“( j ) /S_TO( ) (£(1 = v) = j)
-1 B N2 a1 | |
< 4+ H ([ _ 1) / (1- U)2J—2U2€—2]+1(€(1 _v) —j)2 .
j=0 (e o ]) J v=0
In the last line, we changed variable: recall that s = v?(7 — 1).
We write
@ 0) <4+§2(7_1) (€_1>21(£ 1)
T’ - () — 4 y 1JI )
1 =0 (Z - ])4 J J
where

1
Hega) = [ (1= 2 a0 - ) do,
v=0
for positive integers ¢ and j, and integer «, where ¢ > j and o > —1.
The integral above can be evaluated as a sum of Beta functions. We will be con-
fronted by a very similar integral when estimating ()5, and it is convenient to prove a
lemma covering both cases (here we need o = 1 and later we shall take o = —1).

Lemma 5.3. For integers ¢ and j with ¢ > j > 0, and integer a > —1,

_ (20-2j+a)!(2] —2)
- (204 a+1)!

1(t,4.a) -1 YaBra) (G>1)

and
I(£,0,a) <

N
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Proof. For non-negative integers a and b, we have the identity

a!b!

1
1_ ayb :B 1 1:7
/U:o( v)""dv=B(a+1,b+1) CETFSIE

where B(-,-) denotes the Beta function.

For j > 1, the required integral can be written as a sum of three integrals of the
form above, and we obtain

1(€,§, )

- . (2))! (27 -1, (25— 2)!

= (@f=2+ o) (4 @+a+nl arran (2£+a—1)!>
_ (25 —2)!

- g Ty

x {£2(25 = 1)(25) — 225 = 1)(20 + a+1) + j2(2 + a + 1)(2 + a)}
- (26(5212)4521]) 2L (26— j+ 1)+ ali(L + a) + 20)

(20— 25 + a)!(25 — 2)!
= 20+ a+1)!

20 —-j+1)+aB3+a)},

as claimed.
For j = 0, we have

1 2

L
I[ :£2 2€+ad :7<
(£,0,a) /Uzov T atar1 s

¢
27
for all « > —1, also as claimed. O

Lemma 5.3, with o = 1, tells us that

Ou(r,f)<a+27 = e L10e,0,1)

o(r—1 Zye{uwﬁ )+4}<£—1> (20— 25 +1)! (2 — 2)!

— )2 j (2¢ + 2)!
I éigf —]+3 ) (€ —1)12 (20— 25 + 1) (2] — 2)!
B 03 —NF (2042 (0—5-1)12 412

T—1 — 20\~ 1
Iz (T*I)Z (e) O+ 2)@+1)

G )= O)am=n

This is the first of several occasions in the paper where we use the inequalities

22z 27 221
< < ;
2vx —\z )~ Vx+1
the first is valid for all integers x > 1, and the second for all integers x > 0. Sometimes,
. 2x 92
as below, we use simply that <
i

_ﬁ-
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We obtain

—1
-1 2 1 22— 21 221 1
Qur,f) < 4+ = 44(r— )Z Ve

03 220 403 \/T—; \f2]
-1
T — 1 (r—=1)
- 4 'y
3 3372
[ il / =
To estimate the sum appearing above, we use the numerical value Z j3/2
2.61238, and the crude bound
e/z
Z 3/2\/ 3/2\/ MZ 3/2 <8,
and obtain
100(r — 1
Qu(r,0) <4+ 7(;3 ), (5.6)

The next step is to estimate

£

Q2(r,0) = ZZI; (fr-r(s) = foor-1(s))?
s=7o k=1
{—1 T—1
< Y-y é(fj(s) ~ ).

As before, we shall start by fixing j, and estimating the sum over s by the integral

|0 - gt as

=70

0-1\* 1 b1 = 0)Y 2 A (01— v) — )2
() e ) AT hude

2(@1)2(5_1 et 1)

We used the expression for f;(s) — f;_1(s) derived earlier, and made the substitution
s=v3(1—1).

To bound the difference between the sum 7! 1 (fi(s) — fj,l(s))2 and the corre-

S=Tp S

sponding integral is not completely straightforward. The integrand % (fi(s) — fj_l(s))2
can be written as

_ hj(v)? 1 (z -1

, where hj(v) = m j

)(1 — v)j_lvé_j_l(é(l —v) —j).

The function h;(v) has stationary points at

L—j
,=—24
v i

Therefore H;(v) has a global minimum at v = (¢ — j)/¢, and local maxima at the two
points v,, and so the global maximum of H j(v) is attained at one of the v,. For j > 1,
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we can write

ol = = [T am et - -

IN

where we used the fact that the term in square brackets is the probability that a Bino-
mial random variable with parameters (¢—2, v, ) takes the value /—j—1, and is therefore

at most 1. Hence we have
/-1 1

Hv)————,
() < jl—4)r—1
for allj > 1 and all v. For j = 0, the maximum value of h;(v) is 1, and thus Hy(v) is at

most — for all v.
We have that

— r—1\% 1
Qa2(7,0) < 2( . ) I(¢,7,—1) +2max H;(v)
o O i) =j? v
—1 2 —1
—1 2 (—
< 2 L -
< Z( ; (.~ + ——5 {0+ j

1

u
<.
Il

) 75
‘
-1 2
§2< ) I(¢, 5, — )+%-
j= —J T

Now we use the bounds for I(¢, j,—1) from Lemma 5.3. We also use that ¢ < 2¢/7 — 1,
and ¢ > 3, to obtain:

202 1/
R A
-1 2 . .
(-1 1 (20—-25—1)!1(25—2)! . .
+2;< ; ) = @) 2j4(0 — 5)

(C—1)12 (2025 —1)1(25 —2)!
20— =12 (20)!

S Ly R e,
o S ()5 )

< 8P+ +Z 3/2\/

< 8P 45< 9w2. (5.7)

-1
1
= 8+ +4Z jt

IN

The next task is to bound the sum

T—1 T—1
Z fg_1(8)2 — Z (1 _ U)M_Z’UQ,
S=T0 S=T0
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where, as before, v = y/s/7 — 1. This sum is bounded above by the integral fST:_Ol(l —
v)2/=2¢2 dv, plus the maximum value of the integrand. The integral is equal to

(20-2)130 _ 12(7 1)
20+2)0 = (20t

2(r — 1) /1_0(1 —0)2 723 do = 2(7 — 1)

which is more than small enough for our purposes, and the integrand is certainly at
most 1, so

T—1
T—1
D femr(s)? S 1 (5.8)
s=To
Finally, we combine all our estimates. For any ¢ = 1,...,¢; we have, by Lemma 5.2,

(5.5), (5.6), (5.7) and (5.8), that

T—1

4
o B

T—1

(V) < W (V)+5x10%%+20

T—1
4 feo1(s)® + 14Qu (7, £) + 110007 log (¢¥7)Qa (7, £)

<
S=T0
8 12 T—1
+ 5 x 10%°¢%~ + 20 B
4(r - 1) T—1
< 4+ it 56 + 1400 i 9900¢* log (1)
8 .92 T—1
+ 5 x 10%y~ + 20 B
T—1 44
< 1600 7 + 10%¢* log(¢7).
Thus @f_l(Y) < R, as required. This completes the proof of Lemma 4.2, except for

the proof of Lemma 5.1, to which the next section is devoted.

6 Proof of Lemma 5.1

Our aim in this section is to prove the following upper bound on e;(s) = f;(s) —a;(s),

to be valid whenever / > 8, 0<j</—landp <s<7—1:

27278015 (r—1)/P<s<T—1lorj<(-2

3/2
lej(s)l < { BREE (r — 1)/ <5 < (r - 1)/62

1 70 <s<(r—1)/6.
The final case is straightforward, since both a;(s) and f;(s) lie between 0 and 1 for all
0<j<fl—1land 19 < s <7 —1. So from now on we assume that, if j = ¢ — 1, then
s> (1 —1)/¢6.

Recall that a;(s) and f;(s) satisfy the recurrences:

b1 = Slaae+ (1- 5 e,
-1 = Sl (1- 52 56+ 6= 0 - 56+ £6)

forall j > 1 and all s with 79 < s < 7.
The term in square brackets is, by Taylor’s Theorem, equal to % [ (w) for some w €
(s—1, s). We will thus estimate it by bounding the absolute value of the second derivative

of fj.
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Lemma 6.1. Foralll1<j</{—2andmp<s<71-1,

140 (£—1)5/2
s(T—1) j3/2(€ — j)/2

This bound also holds if j = ¢ — 1 and s > (1 — 1)/¢2.
For (r —1)/03 < s < (1 —1)/¢?, we have

[fioa(s)] < 62 /s(r = 1).

Proof. Using the expression for f/(s) in (5.4), as well as the identities s = v*(7 — 1) and
(€ —=7)(1 —v) —jv=~L(1-v)—j, we can write

|f7 (s)] < (6.1)

fi(s) = (E - 1) S (- I -0 ),

J T—1)

and then we have:

6 = () gy e o

2s
x[ﬁl—v) N{l—-7-2)1—-v)— (j—l)v}—ﬁv(l—v)}
- " j ) 4s(t — 1) (- U)j_%e_j_g
x [ (C—1)(1—v) — 3> — (1—0)? —vj].
Let us first verify the result for j = 1, when we can write
4s(T — 1) f'(s) = (£ — D 3[(0 = 1) (£ — 3) — vl(£ — 2)].

The right-hand side is increasing from v = 0 to v = (/—1)(¢/—3)?/¢(¢—2)?, and decreasing
thereafter. It is thus always at least its value at v = 1, which is —(¢ — 1)(2¢ — 3), and at
most its value at the stationary point, which is at most

_ _1\2(y —
-9 (1- =) = G <y,

and thus )
A6 < gy - 1*
which is as required.

We now embark on the calculation for 2 < j < ¢ — 2. We define a parameter
p=pw)byv=0(—-j—-2-¢)/((-4),s01 —v=(j-2+¢)/(l—4),and —(j —2) <
¢ < £ —j — 2. The point is that the “main term” (1 — v)?~2v*=7=2 in our expres-
sion for the second derivative of f is maximised at ¢ = 0, whereas the other term

{=1D)1—-v) =¥ -1 —-v)2— vj} is small for small p. We write

48(7‘ - 1)]2”(8) = ]€1]€2k3,

where
Lo (1 (iz2 I\
v j (—4 (—4 ’
j—2 L—j—2
4 ¥
ky = 1+ —" 1—-—
2= (55) ()
2 . 2 .
_ i 2te N (iz2te\T l-i-2-0
ky = (“ V== J) < 74 > Ty
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If j =2o0rj =/{—2, the terms in k; and k, with a power of j — 2 or / — j — 2 respectively
are treated as equal to 1, and therefore absent from the products. We shall estimate &,
ko and ks separately to start with, and then consider ksks3.

We have
()ED) (=)
— D =2)(f = —4)left i 2)i2
= Sy (@) (o)

- ((lgé—_jj—_zi) th) '

Again, if j —2 or £ — j — 2 is zero, the related term is absent (i.e., the ratio is equal to 1).
We now use the inequalities

k1

x
b

ALY <steaE ()

to obtain that

(£ —1)(f —2)(¢— 3) ‘-4
MG \/u—w—j—l)'

(Note that this remains valid if j =2 or j =/¢—2.)

We next consider k,. We assume for the moment that j < ¢/2 (the other case is
symmetric) and distinguish two ranges. First, we consider the case where |p| < j — 2.
In this case, we use the bound log(1 +z) < z — %2, valid for all |z| < 1, and obtain:

_ (i_ _P i __¥
logks = (j 2)log(1+j_2>+(€ J 2)log(1 E—j—2>

(-2 <jf2_4(j<p_22)2>
. 2
+(—7—-2) (g_;o_24(g_(§'—2)2)

2/ 1
- P
4 (3—2 K—J—2>

¢ -
4(G-2)(t-j-2)

In the case where ¢ = a(j — 2) with & > 1 and j > 2, we estimate

IN

o j—2 o —j—2
14+ —— 1-— < (1 plag=e
<+j—2) ( e—j—2> £ (+a)?e
]
= ((1 + a)l/("ed)
< (2/e)%.
If j = 2, then ks is just (1 — /(¢ — 4))*~*, which is at most e~# < (2/e)?. There is a final
case where ¢ = —(j — 2), i.e., v = 1, and we may dispose of this immediately since the
2 {—4
second derivative is zero unless j = 2. In summary, ks < exp <_<p - - ) if
4 (j-2)(t-j-2)

lo| < min(j —2,£—j —2), and ko < (2/e)?! otherwise.
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Let us organise k3 as a quadratic in :

1 2 2 . .
_ —9) — (4% — Tlj — 80+ 12
ks = [<p 00— 2) — p(40% — T0j — 80 + 127)

+((20-31 -2 (-2 - j(e -9 - -2))].

Using the inequality
lap? + bo + ¢| < 2ap* + b*/4a + |c|, (6.2)

valid for all positive a, and all real b, ¢, ¢, we have, for all £ > 8,

20(¢ - 2) (402 — 705 — 80 + 125)?
S (s VT (e
Llee=3 -2 - (-2 -4 —j - 2)
(£ —4)2
(26 — 4)(20 — 3) — (j — 2)(7¢ — 12))?
4000 —2)(0 — 4)2

+<%—3j—2>2+<f—2)2+j<é—f—2>

k3

AN

6% +

(-4 (—4 (—4
j(f—j5—2
< ®9+4+4+1+ﬂ7i%—2
(t—j—2)

= 62 +9+ 1L

Now we combine our bounds to produce a single bound on ksks. The product of

ko with 9 + M

. . Jl—j—2) jl—3j—1) .
<
Y is certainly at most 9 + ) <10 Y , while the
{—j5—-1)

[ .

2

product of k, with 6<p2 is at most the maximum of 6(p2 () <3< 35]( Y and
e _

2 . - - -
2o (L (=4 24 -2)(=j=2) _ (-1
LA < — =~ v 7.
o ex"( 4<j2><6j2>>—e -1 P

We can summarise by saying that, provided ¢ > 8, for all values of ¢,

je=j-1
< 45—
kaks < 45°—

Therefore, overall, we have, for2 < j < /-2,

4s(1 — 1)|f]”(3)\ < 135

- JG=1—=j-1)

(=1 —-2)(¢=3) t—4 jt—j-1)
G-D—=j-1) (-4

o DE=2(=3) 1 1
Vi—i G-V j1

(E _ 1)5/2
< 60—FmF——7——
= PR =)

provided ¢ > 8.

Consider now the special case j = ¢ — 1, when the bound (6.1) translates to 4s(7 —
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1)[f7 (s)] < 560(¢ — 1). Using (6.2), we have

. " _ (1—v)3 202 g 1N (1 N2
s = D14 (9) R
< (]- _:}})673 (2(6— 1)2,02 + i)
< 2(4_1)%(1—@)‘*%2(1_7;)H.

The first term above is maximised at v = 1/(¢ — 2), so we have

2 {—3
200 —1)%0(1 —v)*3 < 2(66__12) (1 -3 i 2) <2(0-1).

If s > (7—1)/¢%, then v > 1//, and the second term above is at most 2/(1—v)*~3 < 3(¢—1),
so we do have 4s(7 — 1)|f7(s)| < 5(¢ — 1), as desired.

For the range (7 — 1)/¢3 < s < (1 — 1)/¢?, we have v > (~3/2. This gives 4s(r —
D)|f1(s)] < 2(¢—1) +2¢%/2, and thence |f) ,(s)| < ¢3/2/s(r — 1), as claimed.

This completes the proof. O

We are now ready to bound the difference e;(s) = a;(s) — f;(s). Recall that we have,
from comparing the recurrences satisfied by the two systems:
t—j t—j
ej(s—1) = (1 - ) ei(s) + 5L es1(s) = [fis = 1) = fi(s) + £(5)] -

For0<j</—1land7tg<s<7-—1,set

J ¢ 3/2
6-1emwd ()
=1

We now use induction on j and 7 — s to show that |e;(s)| < C; =%, forall 0 < j < ¢ —2
and 79 < s < 7 — 1. (We shall return to the case j = ¢ — 1 afterwards.)

We first check the inequality |eg(s)| < for j = 0. We have that ag(7 — 1) = 1,

and, formp <s <7 -—1,

T—1

oot~ 1) = (1= 5 ) an(o)

SO
T—1 /
w = I (1-35):
w=s+1
while
s /2 T—1 1 /2
fO(S)Z(TJ = 11 (1_w> '
w=s+1

Thus we have

fols)  Tp (- 1/w)?
ao(s) 11 11— ¢/2w)

w=s+1

Each term in the product is clearly at least 1, so fy(s) > ag(s) for all s. If s < ¢, then we
certainly have |eg(s)| < fo(s) < s/(t—1) < ¢/(1 —1), so we may assume that s > {. Now
we have, for all w > s > 2/,

_ e2 1 _ L 4 £ 2 2 2
(-1w) 1=s5+5m L2 (L)
1—¢/2w - 1—1/28w? 4w? 4aw?
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This means that

fo(s) =2 2 /1 1 B R(r—1-s)
a0(s) SeXP( ; 4wz> =P <4 <s‘ 7_1)> —eXP<4s(T_1) )
Now we write

leo(s)] = fo(s)(1 —ao(s)/ fo(s))
N
< (T—l) (1 —exp(—0*(1 — 1 — s)/4s(T — 1))

() Gt

This function is maximised at s = (1 — 2/¢)(7 — 1), and its value there is equal to

IN

(1—2/0)2=1¢%(2/0) ¢t
4(r —1) —2(r—1)

as required for the case j = 0.

For j > 0, we have e;(7—1) = a;(1—1) — f;j(1—1) = 0—0 = 0. Now, for the induction
step, suppose that 0 < j < ¢—2, 19 < s < 17— 1, and that we have verified our inequality
for both |e;_1(s)| and |e;(s)|. Hence we have

lej(s = 1)

< (1- D) e+ SLisna@l 156 -1 - £6)+ 560)

1 1 0 — ,

< -3 [(1 23])0 + JC] 1}+|f](s—1) fi(s) + f(s)]-

We now note that f;(s — 1) — f;(s) + fj(s) = f/'(w)/2 for some w in (s — 1, ), and so
70 /2

its absolute value is at most St —1) PR = )2 by Lemma 6.1, Therefore

¢ (- (- 70 £3/2
(e < j e 537209 _ \1/2
|€](S 1)‘ - -1 {(1 2s )C * 2s Cjil—'_ S j3/2(£_j)1/2

14 L—j £3/2
i |:C] + ? (—Cj + Cj—l + 140W>:|
14

Tr—1’

where the last line is by the definition of the Cj’s.

For j = /(—1and s—1 > (7—1)/¢?, the same calculation still gives us that |e,_1(s—1)| <
Cp—14/(T — 1), since the bound (6.1) is valid for |f;/ ,(w)| as long as w > (7 — 1)/¢%. For
values of s — 1 with (7 —1)/¢3 < s — 1 < (7 — 1)/¢%, we replace the bound on the second

43/2
derivative by | £ (w)| < ﬁ and the same calculation gives
S\T —
Y 53/2
er_1(8)| < Cp_ .
lee—1(s)] < Cy 27—1+T—1
-1 63/2
We now observe that the sum Z ——=——= is uniformly bounded, being at most
23/2 2)3/2
1=1
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/2 30
2 Z a2 < 15. Therefore we have
i=1

2200¢
(s)] < 22—
ej(9) < =

forall0<j</—-2and7y<s<7-1,andalsoforj=/¢—1land (r—1)/2 <s<7-1.
For (1 —1)/03 < s < (1 — 1)/¢?, we have

22000  ¢3/2 - 800¢3/2

—r—1 T—1— 7-1

)

lec—1(s)]

since ¢/ > 8.0000
This completes the proof of Lemma 5.1, and hence in turn the proofs of Lemma 4.2
and Theorem 1.1.

7 Concentration for U,({)

In this section, we give a very brief sketch of the proof of Theorem 1.2. The proof
proceeds on very similar lines to that of Theorem 1.1.

Recall that U;(¢) is the number of vertices of degree at least ¢ at time ¢. It is easy to
show that the expected value of U.(¢) is close to u;(¢) = 2t/¢(¢+ 1), uniformly over ¢t and
L.

The difference F;(¢) = U;(¢) — us(¢) satisfies the matrix equation

Fy =W, 1F_1 + AM;.

Here A M, is a vector of martingale differences, and

-5 0 0
2 2
| EOE
: " . 0
0 0 Lo—1 17f071

2u 2u

The indexing of vectors and matrices runs from ¢ = 2 to ¢ = ¢y; we do not need to track
the component ¢ = 1 since U;(1) = ¢ for all ¢t. As for D, the plan is to apply Theorem 2.5
to the martingale

t
M= Y CoAM,

s=1p+1

where C; = [[7_, ., W,, for fixed 7 > 7.
A transition of U involves an increase of 1 in at most one component U ({); in other
words U, is obtained from Uy by adding some unit vector ey, or leaving the vector

unchanged.

For¢{=2,...,0y,and 1o <t < 7, we set
. t—1 o
UZ) =B (Z) =D Y Pu(Us,Us + ex)Co(L, K.
s=710 k=2

We set, for each 1 < /¢ < /g,

T—1

62

§* =225 +10"%¢% log"? (y7),
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and
TS =inf{t > 79 : ®L(Z) > S*}.

An application of Theorem 2.5 gives

2
Y272

P (s W7 (0> 3\/log(oms?) A (12 7)) <
To<t<T
foreach 7 > 19 and 2 </ < /.
Now let T" be the infimum of the times s > 73 such that either there is a vertex of
degree at least 1)v/s — 1, or, for some k < £,
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‘Us(k) - ’ > 45 + 4 x 10%) log” (¥s).

The next step is to prove the following result, analagous to Lemma 4.2.

Lemma 7.1. Forallt <T,andall{=2,...,(, ®!_ (Z) < S°.

The result implies that Té > T forall ¢ = 2,..., 4.
Now, for each 7 > 7y and each ¢ > 2, set

5 (0) = 4571%(1”) +3 x 10%) log” (¥7).
We have 9
P ((Tos;& |M](0)] > 67(6)) A (TS > T)> < e

In particular, together with Lemma 7.1 and the fact that MZ = F, for each 7 > 1, this
implies that
~ 2
P ((FO]> 50 A (T2 7)) < oy
We next use this inequality to show that, with probability at least 3/1, for all 7 > 7 and
0=2,..., 4, either |F,(¢)| < 6,(¢) or 7 > T. Similarly to the proof of Theorem 1.1, this
leads to the conclusion that P(T" < co) < 4/1, which is the desired result.

8 More complex preferential attachment models

In this section, we discuss some of the issues we confront when extending this proof
to other models of preferential attachment.

A first extension would cover the model which again generates a random tree, where
now an arriving vertex chooses an existing vertex v as a neighbour with probability
proportional to X (v) + 3, where X (v) is the degree of vertex v, and (3 is a fixed constant.
For such a model, the expected degree of a vertex at time ¢ grows as C't/(2t5) and the
expected number of vertices of degree / at time ¢t behaves as Ct/¢3T#. When attempting
to follow the proof in this paper to establish concentration results, the main difficulty
is in finding a suitable analogue of Lemma 5.1, giving bounds on the error function
playing the role of e;(s).

Another well-studied variant is to have each arriving vertex select some fixed num-
ber m of neighbours (with replacement), instead of just one. The main difficulty intro-
duced by this variation is that we have to account for the possibility that some existing
vertex has its degree increased by more than one at each step, and that the recurrence
relations do not have such clean forms.

In the full Cooper-Frieze model (see [6], [5]), the number of new edges added at
each step is a random variable. Indeed, with some probability, no new vertex is added,
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and some edges are added between existing vertices, chosen either uniformly or via
preferential attachment. This means that the numbers of vertices and edges present at
time ¢ are no longer determined, causing further complications in the application of our
method.

We do believe that all of these problems can be overcome, and that our method can
be used to analyse general Cooper-Frieze models. We also hope that the method will
find further applications in the analysis of other random processes.
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